6582 Ind. Eng. Chem. Res. 2003, 42, 6582—6592

MATERIALS AND INTERFACES

Parallel Diffusion of Moisture in Paper. Part 1. Steady-State

Conditions

Hemant Gupta' and Siddharth G. Chatterjee*

Empire State Paper Research Institute, Faculty of Paper Science and Engineering,
SUNY College of Environmental Science and Forestry, 1 Forestry Drive, Syracuse, New York 13210

A theoretical model describing the steady-state transport of moisture in the thickness direction
of a stack of paperboard sheets placed in a diffusion cup that accounts for the parallel diffusion
of water vapor in the pore space and of bound water in the fiber phase is presented. The
predictions of the model compare favorably with experimental measurements of the moisture
transmission rate through a bleached kraft paperboard stack, average moisture content of the
stack, relative humidity profile in the stack, and average moisture content of the individual
sheets of the stack under steady-state conditions.

Introduction

Moisture has a profound effect on the mechanical and
electrical properties of paper, which loses its strength
when subjected to a changing relative humidity (RH)
of the surrounding environment. The phenomenon of
accelerated creep of paper under cyclic RH results from
the interaction of tensile loading and moisture gradi-
ents.! To understand transient moisture gradients in
paper, it is necessary to analyze both the moisture
sorption equilibria (with the associated hysteretic effect)
and the moisture-transport characteristics of the paper
under consideration. The present work addresses the
second aspect, specifically, the steady-state transport
of moisture in the thickness direction of paper.

Moisture can migrate in paper by a number of
transport mechanisms: vapor-phase diffusion in the
interfiber pore space, Knudsen diffusion in pores of
diameters less than 100 A, surface diffusion over fiber
surfaces, bulk-solid diffusion within fibers, and capillary
transport.22 The first two mechanisms occur in the gas
phase, whereas the rest occur in the condensed state of
the liquid (adsorbed, absorbed, and liquid water, re-
spectively). Liang et al.2 found gas-phase transport to
be the dominant mode of moisture movement, whereas
condensed-phase or bound-water movement could occur
when the moisture content (MC) was high. Nilsson et
al.3 concluded from their experimental work that mois-
ture transport in paper occurred via gas-phase diffusion
at RH levels below 58% rather than via the transport
of absorbed water molecules. However, according to an
earlier study of Ahlen,* the transport of water in the
condensed or bound state could be significant even at
RH levels as low as 30—40%. Hashemi et al.> observed
the in-plane diffusivity of moisture in paper to be a
strong function of its MC. Hellén et al.® analyzed gas
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diffusion through uncoated paper and board sheets
using one-dimensional diffusion theory and random-
walk simulations in three-dimensional fiber networks;
however, their theory does not include bound-water
transport. Yoon and co-workers’—® recognized the com-
bined nature of the diffusion of moisture in paper but
did not present a comprehensive analysis of the trans-
port process.

Lescanne et al.1% developed an unsteady-state mois-
ture-transport model for paper that considered water-
vapor diffusion in the z or thickness direction of the
paper and intrafiber diffusion of moisture assuming the
fibers to be cylindrical. However, they neglected bound-
water diffusion in the z direction and external resistance
to mass transfer. In their model of transient moisture
transport in paper under cyclic RH, Ramarao et al.l?
accounted for vapor-phase diffusion and external mass-
transport resistance but neglected bound-water trans-
port in the z direction. Foss et al.1? and Ramarao and
Chatterjee!® developed similar analyses for transient
moisture transport in paper under ramp RH changes.
Ramarao and Chatterjee,’® neglecting bound-water
transport, represented water-vapor diffusion in the z
direction via Fick’'s law and intrafiber diffusion of
moisture with a linear driving force approximation, a
concept that has been used for describing intrapellet or
intraparticle diffusion in adsorption processes.!* As-
suming the surface of the fibers to be in equilibrium
with the local RH, they obtained an analytical solution
for the case of a linear sorption isotherm. Bandyo-
padhyay et al.’> extended Ramarao and Chatterjee’s
model to the case of a nonlinear isotherm. Estimating
all other parameters in their transport model by inde-
pendent means, they found that a single value of the
intrafiber mass-transfer coefficient was able to fit the
experimental dynamic average MC of a bleached kraft
paperboard (BKP) sheet subjected to a variety of RH
ramps. Hagglund et al.’® obtained the parameter values
of Ramarao and Chatterjee’'s model (effective water-
vapor diffusion coefficient, external mass-transfer coef-
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Figure 1. Schematic diagram of diffusion-cup apparatus used by
Radhakrishnan et al.!® and in the present work.

ficient, and intrafiber mass-transfer coefficient) simul-
taneously by fitting the model to the experimental
dynamic MC of paper sheets of four different basis
weights (52, 102, 209, and 431 g/m?2) that were subjected
to RH ramps of 0—90% RH. Although the agreement
between prediction and experiment was reasonably
good, they concluded that the diffusion of moisture on
fiber surfaces and within the fiber phase in the thick-
ness direction of paper (i.e., bound-water diffusion) was
probably responsible for discrepancies between theory
and experiment. Assuming diffusion to occur only in the
fiber phase and the diffusion coefficient to be constant,
Roisum!” presented an unsteady-state model for de-
scribing transient moisture profiles in paper webs and
rolls. Recently, Amiri et al.'® extended this work to
consider both axial and radial diffusion of moisture in
paper rolls under unsteady-state conditions assuming
the axial and radial moisture diffusion coefficients to
be independent of the local MC.

Thus, a majority of the available moisture-transport
models for paper are for the unsteady-state situation
and consider neither bound-water diffusion in the
thickness direction of paper nor the profound influence
of the local MC on the bound-water diffusion coefficient
(see below). In our opinion, a comprehensive theoretical
and experimental understanding of steady-state mois-
ture transport is crucial before one can properly address
the unsteady-state situation. A beginning was made by
Radhakrishnan et al.,’® who conducted a preliminary
investigation of the steady-state transport of moisture
in a stack of BKP sheets of mean basis weight 230 g/m?
at approximately 23 °C in the diffusion-cup apparatus
shown in Figure 1. The steady-state effective moisture
diffusivity in the paperboard (Def), based on a vapor-
phase concentration driving force, was observed to be
approximately constant up to an average stack RH of
60%, indicating the dominance of vapor-phase diffusion
at moderate RH levels. Beyond this RH value, Dgs
increased sharply with the average RH of the stack,
showing that the bound-water or condensed-phase
transport of moisture became increasingly important.
To correlate the experimental results, they developed a
theoretical expression for Deg that accounted for both
water-vapor and bound-water diffusion in the thickness
direction of the paperboard. To our knowledge, this was
the first systematic application of the parallel diffusion
concept, previously used in the adsorption field,2°=24 to
describe moisture movement in paper. Chatterjee and
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Gupta? developed a mathematical model to describe the
transport of moisture in the thickness direction of a
stack of paper sheets contained in a diffusion cup under
steady-state conditions (the precursor of the transport
model presented in this paper). This model considered
external mass-transport resistances, moisture diffusion
in the pore and fiber phases in the thickness direction
(described by Dy and Dy, respectively), and intrafiber
diffusion of bound water (represented by the intrafiber
mass-transfer coefficient ksp). Using a set of provisional
moisture-diffusion and sorption parameters for the BKP
employed in the steady-state experiments of Radhakrish-
nan et al.,° they presented sample calculations of the
RH, MC, and fractional water-vapor flux profiles in the
stack. Bandyopadhyay et al.?6 extended the model to the
unsteady-state situation in which the external RH
(outside the cup) was varied in a step fashion. They used
the preliminary BKP sorption/diffusion parameters of
Chatterjee and Gupta in their numerical solution,
emphasized the role of the intrafiber mass-transfer
coefficient (which they called k;) in the transport process,
and provided no experimental validation of their model.

The origin of the intrafiber mass-transfer coefficient
lies in past mathematical descriptions of moisture
transport in paper that visualized the transport process
as consisting of water-vapor diffusion in the z direction
(represented by Dp) and intrafiber moisture transport
(represented by ksip) but that did not consider bound-
water diffusion in the z direction.1012.13.1516 The use of
kiip introduces a third parameter into the theoretical
framework besides Dy and Dq. Einstein?’ recommended
two desirable features in a scientific theory: it should
have the fewest possible logically independent elements
(basic concepts and axioms), and it should enable the
closest and most complete coordination of the totality
of sense experiences. It is our opinion that only two
parameters (D, and Dy) are sufficient in the theoretical
framework to describe both steady- and unsteady-state
moisture transport in paper. That is, in our present
work, we conceptualize the paper sheet as consisting of
a dual network of pores (pore space or phase) and fibers
(fiber phase). We also assume that the transfer or
exchange of moisture between the pore and fiber phases
is much faster than moisture diffusion in the z direction
(i.e., equilibrium prevails between the pore and fiber
phases); thus, the concept of an intrafiber mass-transfer
coefficient (ksip), used by previous researchers, is not
necessary. The validity of the above conceptual picture
is based on the following evidence: (a) agreement of the
predictions of the steady-state transport model pre-
sented here with steady-state experimental measure-
ments (of moisture transmission rates, RH and moisture
profiles, and average MC values) carried out with stacks
of BKP sheets in a diffusion-cup apparatus and (b) use
of the values of D, and Dq derived from the steady-state
investigation to predict the empirically observed tran-
sient weight change and RH profile of stacks of BKP
sheets subjected to RH ramps, without using any
additional fitting parameter in the unsteady-state model;
this aspect is presented in the second part of our work.28
The correlation of our current theoretical framework
with this experimental data set obtained under both
steady-state and transient conditions, which is more
extensive than the data sets used by earlier investi-
gators,21315-19 seems to validate Einstein’s criterion of
the “naturalness” or “logical simplicity” of the funda-
mental concepts of a scientific theory.
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In the present study, the following tasks are ac-
complished: (1) A comprehensive mathematical frame-
work for describing the steady-state transport of mois-
ture in the thickness direction (z) of a paperboard stack
contained inside a diffusion cup, which is suspended
from a balance and placed inside a controlled-humidity
chamber, is presented. The transport model accounts
for mass-transfer resistances outside the stack, water-
vapor diffusion in the pore space, and bound-water
diffusion in the fiber phase. It assumes local equilibrium
between the pore and fiber phases and insignificant
dimensional changes of the paperboard under RH
changes from their average values at 50% RH. (2) By
comparing the theoretical expression for Des with its
experimental value over a wide range of experimental
conditions, the water-vapor and bound-water diffusion
coefficients of a BKP sample (used in our previous work)
are estimated. (3) The transport model is then tested
against additional experimental data for its ability to
predict the RH and moisture profiles in the stack, the
average MC of the stack, and the moisture transmission
rates through the stack. Good agreement between model
and experiment is found, which validates the model.

Moisture Diffusivity

Figure 1 shows a diffusion cup containing a stack of
M paperboard sheets that is suspended inside a con-
trolled-humidity chamber. We denote the water-vapor
concentration in the air layer adjacent to the water or
saturated-salt solution surface inside the cup by ¢o and
the concentration of water vapor in the bulk air of the
humidity chamber (inside which the diffusion cup
containing the paper stack is suspended) by c,. The
overall driving force for the transfer of water vapor
through the paper stack is then ¢y — ¢,. The three main
resistances to mass transfer in this experimental setup
are offered by the (assumed) stagnant layer of air
between the water or saturated-salt solution surface and
the bottom surface of the stack, the stack of paperboard
sheets, and the air boundary layer at the top surface of
the stack. The question of the contact resistance be-
tween any two adjacent sheets of the stack is discussed
later. L and H (assumed to be constants) represent the
height of the stagnant air layer (under the stack) and
the thickness of the stack of paperboard sheets, respec-
tively; Dy, and Dess are the diffusion coefficient of water
vapor in the air and the effective diffusivity of moisture
in the paperboard, respectively, at the experimental
temperature and pressure; ki is the mass-transfer
coefficient above the paper stack (measured experimen-
tally in this work); and c¢; and c. are the water-vapor
concentrations at the inner and outer surfaces of the
stack, respectively. Under steady-state conditions, the
total flux of moisture through any cross section of the
stack, jiwt, can be expressed, to a very good approxima-
tion, by

. Dw Deff
Jeot = T(Co —¢;) = kelc, — ¢,) = W(Ci —c) (1)

At specified values of cy (determined by the vapor
pressure of the solution in the diffusion cup) and cp
(determined by the RH level of the humidity chamber),
Jjtot can be measured experimentally by monitoring the
rate of weight loss (or gain) of the diffusion cup. Thus,
the three unknowns ci, ce, and D¢ can be calculated

from eq 1, as all other quantities are known. For
example, D¢ can be obtained from

. (cp —¢cp)
Jtot = L e H 1 (2)
(D—W B E)

Let us postulate that the transport of moisture in the
paperboard occurs via the parallel diffusion of water
vapor and bound water in the pore and fiber phases,
respectively. The mass conservation equations, assum-
ing Fick's law, are then given by

§5{De o)~ PeSe@) =0 ©)
%(Dq ‘;—g) +S(c,g) =0 @

where Dy and Dq are the effective diffusivities of water
vapor and bound water, respectively, in the stack; c is
the water-vapor concentration at any location z in the
stack where the bound-water concentration is g; and pp
is the oven-dry density of the paperboard. The function
S(c,q) denotes the rate of transfer or exchange of
moisture between the pore and fiber phases at any z.
Multiplying eq 4 by p, and adding the result to eq 3
gives

djtot
where
jtot = Jwv + jbw (6)

Here, juwv and jow are the local fluxes of water vapor and
bound water, respectively, in the stack; i.e.

- dc

Jw = _Dp dz (7)
. d
Jow = _Pqu d_g (8)

Dy, is relatively independent of ¢,341° but Dy is a strong
function of q.419:29.30

In our experimental work, we used four, six, and eight
individual sheets of a machine-made BKP (mean basis
weight = 230 g/m?) in the stack, which was loaded down
with a metallic ring by means of springs. This raises
the question of how to represent the contact region
between any two adjacent sheets of the stack in a
theoretical treatment. We can make the following two
extreme assumptions: (a) perfect contact, in which there
is complete or perfect contact between any two adjacent
paper sheets (i.e., zero contact resistance between
adjacent sheets), so that the paper stack becomes one
continuous whole, or (b) no contact, in which there is
an air gap that completely separates any two adjacent
paper sheets of the stack.

The actual situation lies somewhere between these
two extremes. Even in the second case, we assume that
there is no resistance to mass transfer offered by the
air gap between any two adjacent sheets in the stack,
as the maximum experimentally measured value of Des
was at least 1 order of magnitude smaller than D,,. We
tested this hypothesis by measuring the steady-state



moisture flux by introducing a hollow ring of paperboard
between two adjacent sheets of the stack and found that
this flux differed insignificantly from the flux in the case
of the stack with no ring in it.

Assuming that q and c are in equilibrium at the
interior (i) and exterior (e) surfaces of the stack, i.e.

q. = f(c,) C)
with f(c) being the sorption isotherm, integration of eq

6 over the thickness of the stack, followed by use of eqs
1 and 6—9, yields

q; =f(c) and

Po ai=f(ci)
© — coactey Pel@da - (10)

Degr = Dy +
Equation 10 shows that D depends on the individual
RH levels prevailing on the two surfaces of the stack,
i.e., eq 10 is the equation of a surface. We also note that
all water-vapor concentrations such as co, ¢, ¢, ce, and
Cp can be related to the corresponding RH values via
the ideal-gas law; e.g., see eq 38. A special case of eq 10
can be derived by assuming a particular functional form
for Dg(q). In the case of paper with moisture contents
up to approximately 25%, Dq(q) can be adequately
represented as!929:30

Dy(q) = D,e™ (11)

where D; and m are constants for the particular paper
under consideration. A theoretical justification for eq
11 is given in the Appendix. For this case, eq 10 reduces
to

D, p, [e™C) _ Mf(ce)
Do =D, + ——> [ ]
m (Ci - Ce)

, GZEC (12)

For c; = ce, it can easily be shown that

mf(x) df(x)

Dy = Dy + Dyppe™® =

X=c¢;=c, (12a)

By systematically varying the nature of the solution in
the diffusion cup (i.e., cp) and the RH of the humidity
chamber (i.e., c¢p), the D surface can be mapped
experimentally as a function of ¢; and c. by using eq 1.
The parameters Dy, D1, and m can then be obtained by
numerically fitting the surface given by eq 12 to these
experimental D data.

Estimation of Diffusion Parameters (D, Dy,
and m)

When c¢;j and ¢ are close to one another, we showed
in our previous work?® that eq 12 reduces to

f(c)) — f(ce)

Desr = Dp + Dlppemqavg[ C; — Cq ] )

where gayg is the average bound-water concentration of
the paperboard stack. Over a moderate RH range, the
sorption isotherm f(c) can be approximated to be linear;
ie.

f(c) = kiso(C - Cref) T Qe (14)
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where qref is the equilibrium bound-water concentration
of the paper at a water-vapor concentration of cs and
kiso is the slope of the isotherm. Let us assume that gayg
and cayg (average water-vapor concentration in stack)
are also approximately related by eq 14, i.e.

qavg ~ f(Cavg) = kiso(Cavg - Cref) + qref (15)

The relationship between cayg and RHayg [average RH
of the stack = (RH; + RHg)/2)] is expressed by

_ RHangsat (16)

Cavs = T100RT

where Pgy is the vapor pressure of water at the
temperature of the experiment T and R is the universal
gas constant. Substituting eqs 14—16 into eq 13 yields

Det = Dp(1 + ae® M) (17)

where a and b are constants given by

— Dlppkisoem(_kisucref+qref) (18)
Dp
mkisopsat
= “100RT 49

According to eq 17, which is a degenerate form of eq
12, as RHavg — 0, Deff — Dp(1 + a). However, as RHayg
— 0, the bound-water concentration in the paper should
also approach zero, which implies that a < 1. Ahlen*
measured D, in paper independently by the counterdif-
fusion of nitrogen and argon (nonadsorbing gases) and
made the important observation that it coincided with
the value obtained by extrapolating the experimental
Detf VS RHayg data to zero RHayg. Equation 17 is an
analogue of expressions that have been presented in the
literature to describe the parallel transport of adsorbate
in adsorbent via solid-phase and macropore diffusion.20-24

The procedure for estimating unique values of the
diffusion parameters (D, D1, and m) is as follows: (1)
Fit the approximate eq 17 to experimental D¢ values
as a function of RHayg and obtain Dy, a, and b from the
regression; then calculate initial estimates of D; and m
from egs 18 and 19. (2) Using these initial estimates of
the parameters, fit eq 12 to the experimental D values
as a function of ¢; and c. by nonlinear regression. This
will yield a more accurate value of Dy, which should be
accepted, and also new values of D; and m, which should
be discarded, because they might not be unique. (3)
Guess different values of m and plot In(Des — Dp) versus
In[(e™fc) — emfC))/(ci—ce)]. The value of m that gives a
magnitude of 1 for the average slope of the plot is the
correct value of m. Then, D; = e'm/p,, where | is the
value of the intercept of the above plot.

It is possible to bypass the second step in the above
procedure because the values of D, obtained in steps 1
and 2 will generally be very close to one another, as was
the case for our data.

Moisture Distribution

To obtain the ¢ and q profiles in the stack, it is
necessary to solve eqs 3 and 4 subject to appropriate
boundary conditions. This will entail assuming a specific
form for S(c,q). As mentioned before, previous research-
ers have used a linear driving force assumption to
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represent S(c,q).131516.2526 However, as discussed ear-
lier, in the following development, we assume that water
vapor and bound water are in equilibrium at every point
in the paperboard stack, i.e.

q=1() (20)

This assumption and the assumption made earlier about
negligible contact resistance between any two adjacent
sheets in the stack reduce the two extreme cases of
perfect contact and no contact between adjacent sheets
to a single idealized case, which greatly simplifies the
mathematical analysis.

We introduce the following quantities

C _
C=c£O, Cb=c—z, ZZZHLy do = f(co)
QT T Ty

rpD100 DH . kH
—, f=mq, Yy=—-— Bi=—
Do 0 DL D,

a:

The mass conservation equation describing the trans-
port of moisture in the stack is given by eq 5, which,
upon integration and use of eqs 6—38, gives

dC ,  sdQ _
4z + ae 4z K, (22)

where K;j is a constant whose negative is the dimension-
less total flux of moisture through the paper stack. The
Q profile in the stack is related to the C profile by

Q=F(C) (22)

Integrating eq 21 and using eq 22 gives
C+ %eﬁF(C) =K,Z+K, (23)

where K; is another constant. Equation 23 is a nonlinear
algebraic equation that can be solved for Cin0 < Z <
1 provided that K; and K, which are related to the
dimensionless boundary water-vapor concentrations
(Cz=p0 and Cz=3), are known.

At the lower and upper surfaces of the stack, we
invoke the assumption of equilibrium between water
vapor and bound water and the conservation of the total
flux of moisture to obtain

dc

dF(C)]
_ - _ BF(C) —
y(1 —C) [dZ + ae iz atZz=0 (24)

(e _cy— _|dC . sre 9F(C) _
Bi(C—-C,) = [dz—lrae iz atz=1
(25)
From eqgs 21, 24, and 25, we obtain
—Ky =71 — Cz-0) =Bi(Czy — Cy) (26)

Evaluating eq 23 at Z = 0 and Z = 1 gives

K, = CZ=O + %‘eﬁF(CZ=O) 27)

K, +K,=C,, + %eﬁF(CH) (28)

Subtracting eq 27 from eq 28 and utilizing eq 26, we
obtain, after some algebra

1
7 - Cz=o)(1 + a) +Cp—Cop t

g[eﬂF[V/Bi(l—Cz:o)‘*'Cb] _ eﬁF(Cz:o)] =0 (29)

Equation 29 is a nonlinear equation whose solution (e.g.,
by Newton’s method) will yield Cz—. Cz=; can then be
calculated from eq 26, and K, and K; can be obtained
from eqs 27 and 28. Further, it can easily be shown from
eqs 6—38, 21, and 22 that

}t% N 1+ ae:ll;':(c) d_F (30)
dcC
Average Moisture Content
The average MC of the paperboard stack, gavg, can be
calculated from

1 (L+H
oL q(z) dz

(1)

dz ~

+d(2)

1 pLeH [€pc(2)
Uavg = ﬁ L

where ¢, is the porosity of the paperboard. The first term
of the integrand in eq 31 is negligible compared to the
second term. In dimensionless form, eq 31 becomes

q 1
%w=§mede (32)

Sorption Isotherm

In this work, we have used the GAB model3132 to
represent the sorption isotherm f(c). This is given by

f(c) =

KeasRT
AmCoas ) c
sat
Ko aaRT KoasRT
18.016(1 - ic)(l + (Copg — D22 ¢
Psat Psat
(33)

where gm (equilibrium MC corresponding to monolayer
coverage), Cgag, and Kgag are parameters of the iso-
therm.

Solution of Transport Model

The paperboard stack in the diffusion cup can be
conceptually divided into N uniformly spaced grid points
j = 1—N in the thickness direction with the points j =
1 and j = N representing the lower and upper stack
surfaces, respectively. A value of N ranging from 17 to
21 was found to be adequate for the calculations in this
work. The dimensionless spacing AZ between the points
is given by

AZ = —=— (34)



Also

Z,=0, Zy=1, and Z,=2;,+AZ
forj=2—-N -1 (35)

The boundary concentrations C; (i.e., Cz—) and Cy (i.e.,
Cz=1) and the constants K; and K, were calculated as
described earlier. A profile of C varying linearly with Z
between the (known) values of C; and Cy was specified
as an initial guess. Equation 23 was solved at each point
Z; in the stack by Newton's method to determine each
value of C;. The Q profile was then calculated from eq
22. The fractional water-vapor flux, ju/jtt, Was obtained
from eq 30, and the RH and bound-water (BW) profiles
in the stack were determined from

RH = (RH,)C (36)
BW = (18.016 x 100 x (,)Q (37)

Here, RHy is the relative humidity of air at the surface
of the solution in the diffusion cup, which is related to
Co by the equation

_ RHOPsat

= 700RT

(38)

The average MC of the stack, MC,yq, Was obtained from

MC,yg = (18.016 x 100 X G)Qayq (39)

where Qayg Was calculated via eq 32 (i.e., by numerical
integration of the Q profile).

Experimental Procedures

In all of the experiments reported here, we used a
machine-made BKP that was free of fillers and additives
and consisted of approximately 80% southern pine and
20% hardwood pulp fibers beaten to 530 mL of CSF
(Canadian standard freeness). The BKP had a mean
basis weight of 230 g/m? and was preconditioned at
approximately 50% RH and 23 °C in a controlled-
humidity room. Generally, eight circular sheets of the
paperboard were used in the stack (i.e., M = 8), but in
some of the experiments, six and four sheets were also
used (changing the stack basis weight). A description
of the controlled-humidity chamber in which the diffu-
sion-cup experiments were conducted were provided
earlier;33 three chambers were used in this study. For
a description of the experimental procedures for the
measurement of De and ki (0.12—1.55 cm/s in this
work), we refer the reader to our prior publication.'® In
addition to distilled water, saturated solutions of lithium
chloride, potassium acetate, sodium dichromate, and
sodium chloride were used in the diffusion cup to
provide different levels of RHo.

In the present work, in addition to obtaining a more
extensive experimental database of D¢ values than was
used by us previously,'® we have also measured the RH
profiles in the paperboard stack, the average MC of the
stack, and the MCs of the individual sheets of the stack
after the stack had reached steady state. The RH profile
in the stack was measured by miniature RH sensors
(model HC-600 from Ohmic Instruments Co., Easton,
MD; dimensions: 12 mm x 15 mm x 4.5 mm) placed
at the interfaces between the sheets. Each sensor
(accuracy of £2% RH) had a ceramic substrate and a
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Figure 2. Sorption isotherm of BKP at 23.9 °C and atmospheric
pressure (average of three replicates). Equilibrium MC is ex-
pressed as grams of moisture per 100 g of oven-dry paper;
parameters of the isotherm are reported in Table 1.

thin polymer film, the variation of whose dielectric
constant is directly proportional to changes in the
amount of water vapor at the sensor element over a
range of 0—100% RH. The ceramic substrate was
connected via leads to a power supply (4.76 V) and
voltmeter for the measurement of the output voltage,
which was then converted to the corresponding RH by
a calibration curve supplied by the manufacturer. The
average MC of the stack was determined by subtracting
the weights (at steady state) of the diffusion-cup as-
sembly with and without the paperboard stack in it,
subtracting from this the total oven-dry weight of the
sheets in the stack, and dividing the result by the stack
oven-dry weight. The MC of each individual sheet of the
stack after the stack had reached steady state was
measured by quickly transferring the sheet into a
preweighed plastic bag, sealing the bag, weighing the
bag with the sheet in it, taking the difference of the two
weights, subtracting from this the oven-dry weight of
the sheet, and dividing this value by the sheet oven-
dry weight. The oven-dry weight of a paper sample was
measured by drying the sample according to a pre-
scribed procedure in a Mark Il moisture analyzer
(Denver Instrument Co., Arvada, CO) at 105 °C until a
constant weight was attained.

Generally, most of the experimental data of the
steady-state moisture-transport rate, RH and moisture
profiles in the stack, and average MC of the stack
reported in this work represent averages of two repli-
cates from experiments conducted under atmospheric
pressure in the average temperature range of 23.4—24.9
°C.

Results and Discussion

Figure 2 shows the boundary adsorption isotherm of
the BKP at 23.9 °C. This isotherm was obtained by
suspending a 10 cm x 10 cm sheet of the paperboard in
the humidity chamber and allowing the sheet to reach
equilibrium at RH levels of 20—90%, using a sample
hold time of 6 h at each RH value. The GAB isotherm
(eq 33) fits the data quite well, and its parameters are
reported in Table 1 which also lists some of the other
experimental conditions. In all calculations regarding
moisture transport in this work, we have used this
boundary adsorption isotherm, which implies that we
neglect sorption hysteresis—a topic that was examined
in our earlier papers.333* The errors in the experimental
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Table 1. Experimental Conditions and Properties of Bleached Kraft Paperboard Used in the Present Work

parameter value
temperature 23.4-249°C
pressure atmospheric
mass-transfer area of paperboard stack?® 37.37 cm?
height of air layer below paperboard stack (L) 2.5and 3cm
number of paperboard sheets in stack (M) 4,6,and 8

type of solution in diffusion cup

deionized water and saturated solutions of sodium chloride,
lithium chloride, potassium dichromate, and potassium acetate

RH of bulk air in humidity chamber (RHp) 10—90%
mean basis weight of paperboard 230 g/m?
paperboard sheet thickness (at ~50% RH)° 0.035cm
oven-dry density of paperboard (pp) 0.663 g/cm?

moisture diffusion constants of paperboard

Dp 5.238 x 1073 cm?/s
D; 3.821 x 10~8 cm?/s
m 398 g/mol
GAB isotherm constants of paperboard (boundary adsorption isotherm)
Om 0.051 g/g
Kcas 0.749
Coas 56.417

a Incorrectly reported as 35.26 cm? by Radhakrishnan et al.»® ® Used as a representative value in all calculations.
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Figure 3. Effective moisture diffusivity of BKP at 23.9 °C and
atmospheric pressure. Generally, M = 8, L = 2.5 cm, and ki =
0.12—-1.55 cm/s. Some of the experimental Des values are from
Radhakrishnan et al.,’® who used L = 1.5 cm. Their numbers were
corrected by using the proper value of the mass-transfer area of
the diffusion cup (Table 1), as mentioned in the text.

measurements reported here do not warrant this extra
refinement.

Model Calibration. The effective moisture diffusion
coefficient of the BKP (Def), obtained experimentally
with eight sheets in the stack, is shown as a function of
the arithmetic average RH of the stack in Figure 3.
Deionized water and saturated salt solutions were used
in the diffusion cup in these experiments. In our earlier
work,® we had used an incorrect value of the mass-
transfer area of the diffusion cup (see Table 1); some of
these earlier data were corrected using the proper value
of the mass-transfer area and are included in Figure 3,
which has a total of 45 data points. The figure exhibits
the approximate correlation for Desr given by eq 17,
which was based on 39 data points; the values of Dy
(which is basically the horizontal asymptote of the curve
at RHayg = 0), a, and b (which are not important for
our purposes) are also shown in the figure. The scatter
in Figure 3 is partly due to experimental error and
partly due to the fact that eq 17 is a simplistic ap-
proximation of eq 12.1° We also fitted the more accurate
eq 12 directly to the experimental D¢s data and obtained
avirtually identical value of Dy. With Dy known, unique
values of the parameters of the bound-water diffusion
coefficient, D; and m, were obtained from the experi-
mental D¢ss data and eq 12 by the procedure described
earlier in the theoretical section; all estimated diffusion

Figure 4. Effective moisture diffusivity surface of BKP at 23.9
°C and atmospheric pressure (from egs 12 and 12a). Diffusion
parameters are listed in Table 1.

parameters of the BKP are listed in Table 1. Note that
Dy, the effective or apparent diffusivity of water vapor
in the BKP, is about 48 times smaller than the water
vapor diffusion coefficient in air (D, = 0.25 cm?/s at
approximately 23 °C and atmospheric pressure). This
implies a high tortuosity of the diffusion path in the
thickness direction of the paper, an observation also
made by Hashemi et al.> Our value of D, (0.0052 cm?/s)
is comparable to an effective diffusivity value of 0.007
cm?/s estimated from Figure 5 of Nilsson et al.3 for paper
having approximately the same density as the BKP used
in this work. The increase of Des Wwith RH, as exhibited
in Figure 3 for the BKP, has also been observed by
Guptas® in the case of handsheets made from Aspen and
Southern Pine pulp (at two different kappa numbers)
and a commercially available copy paper.

The D¢ surface of the BKP as a function of the RH
values prevailing on its two surfaces (eqs 12 and 12a)
is plotted in Figure 4. At low levels of RH, where the
Dess surface is approximately flat, water-vapor diffusion
is the dominant mode of moisture movement. As the RH
increases, bound-water diffusion becomes more impor-
tant, and Des increases sharply. The theoretical and
experimental moisture transmission rates through the
stack of eight paperboard sheets are compared in Figure
5. The experimental data (which were used to estimate
the diffusion parameters) in this figure are equivalent
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Figure 5. Steady-state moisture-transport rate through BKP
stack at 23.9 °C and atmospheric pressure. The experimental data
in this figure are equivalent to those in Figure 3.
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Figure 6. Steady-state moisture-transport rate through BKP
stack with water in the diffusion cup (L =3 cm). For M =4, ks =
0.11-0.14 cm/s, average temperature = 24.6 °C; for M = 6, ki =
0.12—0.15 cm/s, average temperature = 24.1 °C.

to those shown in Figure 3. The root-mean-square
deviation between theory and experiment is 15.7%. The
negative moisture-transport rates in Figure 5 cor-
respond to those situations in which the direction of
transport was from the bulk air in the humidity
chamber into the diffusion cup.

Model Validation. Figures 6—9 test the ability of
the transport model to predict moisture transmission
rates through stacks containing different numbers of
BKP sheets, RH and sheet-average MC profiles in the
stack, and average MCs of the whole stack under a
variety of experimental conditions. Deionized water was
used in the diffusion cup in all of these experiments,
which implies that the RH adjacent to the liquid surface
in the diffusion cup was 100%.

According to Figure 6, the moisture-transport rate in
stacks of four and six sheets decreases as the bulk RH
of the humidity chamber increases. On average, theory
underpredicts experiment by 7% for the four-sheet stack
while overpredicting it by 9% for the six-sheet stack.
Figure 7 displays experimentally measured RH profiles
(obtained with the miniature probes mentioned earlier)
in the stack, which compare quite well with their
theoretical counterparts. The experimental RH driving
force across the four-sheet stack was 26.6%, while that
across the eight-sheet stack was 34.7% at the same
values of RHp (50%), L (2.5 cm), and ks (0.13 cm/s). The
experimental and theoretical average MCs of the indi-
vidual sheets in the eight-sheet stack (i.e., sheet-average
moisture profile) compare fairly well, as shown in Figure
8. The theoretical average MC of a sheet was calculated
by integrating the predicted q profile across it. The
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Figure 7. Steady-state relative humidity profile in BKP stack
with water in the diffusion cup (L = 2.5 cm). For M = 8 and RH,
= 10%, ki = 0.13 cm/s, T = 24.1 °C; for M = 8 and RHp = 50%, k¢
= 0.13 cm/s, T = 23.6 °C; for M = 4 and RHp = 50%, ki = 0.13
cmis, T = 23.8 °C.
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stack with water in the diffusion cup (L = 2.5 cm) and M = 8. At
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Figure 9. Steady-state average MC of BKP stack with water in

the diffusion cup (L = 3 cm) and M = 8. Average temperature =
24.7 °C, ks = 0.13—0.21 cm/s.

average MC of the whole stack is plotted as a function
of RHy, in Figure 9. Theory and experiment again agree
fairly well, with theory overpredicting experiment by
0.45% MC on average.

The calculated fractional moisture flux due to water
vapor, jw/jit (€q 30), is shown as a function of the
dimensionless distance into the stack (Z) in Figure 10.
Note that these are simulations of actual experimental
runs in which deionized water was used in the diffusion
cup. At RH, = 10%, the fractional water-vapor flux
increases from 0.49 at the lower surface of the stack to
0.95 at its upper surface; i.e., moisture transport occurs
predominantly via water-vapor diffusion in the stack.
For RH, = 50%, the range of variation of ju/jiot is 0.35—
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1

model takes into consideration external mass-transport

resistances and the two-phase or parallel diffusion of
moisture in the pore and fiber phases of the paper. The

effective water-vapor and bound-water diffusion coef-
ficients of a machine-made BKP of mean basis weight
230 g/m?2 were estimated by matching the theoretical
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____________ — - — - Theory (bulk RH = 80%) variety of RH driving potentials across the stack. The
04 06 08 ) predictions of the model were then compared against
Dimensionless Distance in Stack, Z additional experimental measurements of the moisture
transmission rate through the paperboard stack, aver-
age MC of the stack, relative humidity profile in the
stack, and average moisture contents of the individual
sheets in the stack under a variety of experimental
conditions. Good agreement between the model and
these experimental data validates the model.
The steady-state moisture transmission measure-
ments presented in this work were labor-intensive and
time-consuming; however, an alternative method dis-
cussed earlier offers the possibility of significantly

02+

0 02
Figure 10. Calculated steady-state fractional water-vapor flux
in BKP stack at 24.7 °C with water in the diffusion cup (L = 3
cm) and M = 8 (eq 30). At RHp = 10%, kf = 0.15 cm/s, T = 24.6
°C; at RHp = 50%, ki = 0.20 cm/s, T = 24.5 °C; at RH, = 80%, k¢

reducing the experimental effort. Steady-state analysis

does not involve the complications of transport under
dynamic conditions and enables one to determine unique

values of the effective water-vapor and bound-water

diffusion coefficients of moisture in paper in a relatively
straightforward fashion. It might be possible to comple-
ment the steady-state approach by directly measuring
the temporal moisture distribution profiles by more
capital-intensive techniques, such as NMR spectroscopy/
MRI36-38 and infrared thermography,3® and thereby
obtain a better understanding of the diffusion of mois-
ture in paper. In this connection, we mention that
Topgaard and Sodermans3® have measured the fiber-wall
water diffusion coefficient in filter paper using *H NMR
spectroscopy. They found that the diffusion coefficient
also depended exponentially on the MC (see Figure 15
of their work); in the MC range of 10—20%, the diffusion
coefficient has values that are of the same order of
magnitude as the fiber-phase diffusion coefficient Dy of
our BKP. The exponential factor in eq 11, expressed on
an MC basis (by dividing m by 1801.6), has values of
0.1 (approximately) and 0.22 for the filter paper and

=0.16 cm/s, T = 24.9 °C.
0.86, whereas for RHy = 80%, the range is 0.22—0.47.
In the first two cases, ju/jior = 0.5 at Z ~ 0 and 0.28,
respectively, and it is only after these locations that
water-vapor diffusion dominates over bound-water dif-
fusion in the stack. However, in the third case (RH, =
80%), bound-water diffusion is the dominant mode of

moisture movement in the entire stack.
Previously, we outlined how to estimate the diffusion
parameters (Dp, D1, and m) from experimental mea-
surements of the total moisture flux (or Des). However,
such measurements can be quite time-consuming and
labor-intensive, especially if a large number of RH levels
are used across the stack, as was done in this work. An
alternative method, capable of saving much experimen-
tal time and effort, is outlined below. For small values
of RHp, we would expect water-vapor diffusion to
dominate over bound-water diffusion at the upper edge
of the stack, i.e.,, at z =L + H (see Figure 10 for the
case of RHp = 10%). Under these conditions, a single

measurement of the total moisture flux through the
stack, along with the corresponding RH (or c) profile

within it, might be capable of yielding the diffusion
(40)

parameters. For low levels of RHp, eqs 6 and 7 give
BKP, respectively.

when jwv > jbw
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Jtot

(41) Nomenclature
a = given by eq 18

D.~
" fad
dz/z=L+H
Because C(Z) and D, are now known, y [= DywH/(DpL)]
BW = bound-water concentration at any specific location

can be calculated, and thus, K; can be obtained from eq
26. Equations 21 and 22 then give

b = given by eq 19

Bi = Biot number, kiH/D,

= In a + BF[C(2)]

Kl
in a paperboard stack (%)

Cavg = average water-vapor concentration in a paperboard

water-vapor concentration at any location z in a

in|dC/dZ_

dF/dC
The left-hand side of eq 41 can be plotted against F(C)
to yield m and D; from the slope and intercept of the

plot, respectively. An analytical expression for the slope
of the sorption isotherm, necessary in eq 41, can be

derived from eq 33. The chief requirement in the above
procedure is an accurate value of the slope of the RH

c
paperboard stack (mol/cm3)

stack (mol/cms3)
humidity chamber (mol/cm3)
Ce, Ci, = Water-vapor concentrations at the exterior (upper)

cp, = water-vapor concentration in the bulk air of the
and interior (lower) surfaces, respectively, of the paper-

board stack (mol/cm3)

profile in the stack.

In this work, we have presented a mathematical

Conclusions
model that describes the transport of moisture in a stack
of paper sheets under steady-state conditions. The



cref = reference water-vapor concentration (mol/cm3)

Co = water-vapor concentration above the surface of the
solution in the diffusion cup (mol/cm?3)

C = dimensionless water-vapor concentration in a paper-
board stack, c/cg

Ccas = parameter of the GAB isotherm (eq 33)

Cp, = dimensionless water vapor concentration in the bulk
air of the humidity chamber, cp/co

Cz-0 (Cy), Cz=1 (Cn) = dimensionless water vapor concen-
trations at the lower and upper surfaces, respectively,
of a paperboard stack

Dpw = intrinsic diffusion coefficient of bound water in the
paperboard (cm?/s)

Det = effective diffusion coefficient of moisture in the
paperboard (cm?/s)

D, = diffusion coefficient of water vapor in the paperboard
(cm?/s)

Dq = diffusion coefficient of bound water in the paperboard
(cm?/s)

Dy, = diffusion coefficient of water vapor in the air (cm?/s)

D; = constant in eq 11 (cm?/s)

f(c) = bound-water concentration in equilibrium with the
water-vapor concentration c or sorption isotherm (mol/g
of dry fiber)

F(C) = dimensionless equilibrium bound-water concentra-
tion, f(c)/f(co)

H = thickness of a paperboard stack (cm)

I = intercept of the plot of INn(Det — Dy) versus In[(e™©) —
emfC)/(ci—Ce)]

j = index denoting grid points in a paperboard stack

jbw = bound-water flux in a paperboard stack [mol/(cm? s)]

Jtot = total moisture flux in a paperboard stack given by eq
6 [mol/(cm? s)]

jwv = water-vapor flux in a paperboard stack [mol/(cm? s)]

kiso = slope of the linearized isotherm in eq 14 (cm3/g)

ki = mass-transfer coefficient above a paperboard stack
(cm/s)

ki = intrafiber mass-transfer coefficient (s™1)

Keas = parameter of the GAB isotherm (eq 33)

K1, Kz = constants given by eqgs 26 and 27, respectively

L = thickness of the air layer under a paperboard stack
(cm)

m = constant in eqs 11 and A3 (g/mol)

M = number of sheets in a paperboard stack

MC,,y = average MC of a paperboard stack (%)

n = number of channels conducting bound water in the
paperboard

Ninit = initial or reference value of n

N = total number of grid points in a paperboard stack

Psat = vapor pressure of water at temperature T (MPa)

g = bound-water concentration at any location z in a
paperboard stack (mol/g of dry fiber)

Oavg = average MC of a paperboard stack (mol/g of dry fiber)

Je, Oi, = bound-water concentrations at the exterior (upper)
and interior (lower) surfaces, respectively, of a paper-
board stack (mol/g of dry fiber)

Qinit = initial or reference value of q (mol/g of dry fiber)

gm = equilibrium MC corresponding to monolayer coverage
in eq 33 (g/g of dry fiber)

go = f(co) = equilibrium MC corresponding to a water-vapor
concentration of ¢y (mol/g of dry fiber)

Oref = equilibrium MC corresponding to a water-vapor
concentration of ces (Mol/g of dry fiber)

Q = dimensionless bound-water concentration in a paper-
board stack, g/qo

Qavg = dimensionless average MC of a paperboard stack,
Qavg/qo

R = universal gas constant [8.3144 cm3® MPa/(mol K)]

RH = relative humidity at any specific location z in a
paperboard stack (%)
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RHayg = average relative humidity of a paperboard stack
(%)

RH. = relative humidity at the upper surface of a paper-
board stack (%)

RH; = relative humidity at the lower surface of a paper-
board stack (%)

RH, = relative humidity at the surface of the solution in
the diffusion cup (%)

S(c,q) = rate of transfer or exchange of moisture between
the pore and fiber phases [mol/(g s)]

T = experimental temperature (K)

z = distance into a paperboard stack measured from the
surface of the solution in the diffusion cup (cm)

Z = dimensionless distance into a paperboard stack
measured from its lower surface, (z — L)/H

Z; = dimensionless distance of grid point j from the lower
surface of a paperboard stack

Z,, Zn = dimensionless distances of the first and last grid
points, respectively, from the lower surface of a paper-
board stack

a = ppD1qo/(DpCo)

B =mdo

y = DwH/(DpL)

AZ = dimensionless grid spacing, 1/(N — 1)

pp = oven-dry density of the paperboard (g of dry fiber/
cms3)

€p = porosity of the paperboard

Appendix

In this section, we provide a theoretical derivation of
the expression for the apparent bound-water diffusion
coefficient Dq (eq 11). Following the work of Topgaard
and Soderman,3° we postulate that bound water diffuses
in the thickness direction of paper through channels
between and along the microfibrils. Assuming Fick'’s
law, the local flux of bound water, ju, in one such
channel is given by

Jow (One channel) = _pprwg_g (A1)

where Dy is an “intrinsic” diffusion coefficient of bound
water in the fiber phase. For n such channels

jow (N channels) = _”Pprw% A2)

As MC increases from 10 to 20%, the distance between
the microfibrils increases from about one monolayer of
water to four such layers.3° We hypothesize that the
number of channels, n, is an increasing function of the
local MC, q; let the law describing this growth be given
by

dn

dq =mn (A3)

where m is a constant. Integrating eq A3 from reference
values njnit and Qinit, We obtain

n= ninitem(qiqinn) (A4)
Substituting eq A4 into eq A2 gives

. —ma d
Jow = T Ninit mqmltDprpemq d_(ZJ (AS5)

Letting
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Dy = iy "Dy (AB)

transforms eq A5 into

jow = —pDse™ 51 (A7)

Thus, from egs A7 and 8, it is clear that the apparent
diffusivity of bound water Dy is given by

Dy(q) = D,e™ (A8)

which is identical to eq 11.
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